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Consensus-based Optimization on Hypersurfaces

Introduction
Goal: Global optimization of nonconvex functions on smooth and comp. hypersurfaces.
Setup: Let E : Γ→ R+ where Γ = {x ∈ Rd | γ(x) = 0} and v? = arg minΓ E .
Model [4]: System of interacting particles
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I Projection PΓ(v) = I−∇γ(v)⊗∇γ(v), e.g., for Γ = Sd−1, PSd−1(v) = I− v⊗v
|v|2

Method:
I Euler-Maruyama discretization{
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I Projection ΠΓ(v) = arg minṽ∈Γ |v− ṽ|, e.g., for Γ = Sd−1, ΠSd−1(v) = v/|v|
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Fig. 1. Left: Rastrigin function on Γ = S1 with initial parti-
cles V i

0 (red) and consensus point Vα
t (green). Right: func-

tion Ep from the robust PCA application with p = 0.1.

Fig. 2. Ackley function on S2 and on the torus T2.

Analysis
Sketch of the proof of convergence:
I Large particle limit N→ ∞: the system of first order SDE’s approximates a

deterministic PDE of mean-field type
I The solution ρt(x) of the mean-field PDE converges to a delta function δv̄ as T→ ∞

I The delta function v̄ is close to v? if the initial data is well-prepared
Error Estimate:
I There is a set of parameters such that |E(ρT?)− v?| ≤ ε
I We have E(| 1N

∑
V i

∆t,nT?
− v?|2) . (∆t)2m + N−1 + ε2 Fig. 3. The function ρt(x) for different times t

Robust PCA

Setup: Point cloud X = {x(i) ∈ Rd} with cellwise and casewise contamination
Goal: Find principal component of X without weighting the outliers to much
Idea: Minimize Ep(v) =

∑
i |(I− v⊗ v)x(i)|p for 0 < p ≤ 2 with KV-CBO

Results:
I High accuracy for artificial data generated by Haystack model [3] in dimension d = 100
I Real data: robust computation of eigenfaces in dimension d ≈ 3000 Fig. 4. Eigenfaces for Extended Yale Face Database B [7]

and 10K US Adult Faces Database [8]

Phase Retrieval

Setup: Measurements yi = |〈z?, a(i)〉|2 where {a(i)}i=1,...,M is, e.g., a Gaussian frame
Goal: Reconstruct unknown vector z? ∈ Rd from known measurements y ∈ RM

Idea:
I Reformulation of the problem: ỹi = |〈v?, ã(i)〉|2 with unknown v? ∈ Sd

I Find v? by minimizing the empirical risk E(v) =
∑M

i=1 |〈ãi, v〉2− ỹi|2 with KV-CBO
I Reconstruct z? from v?

Fig. 5. Success rate in terms of number of frame vectors
and signal-to-noise ratio for different benchmark methods.

Conclusion
I KV-CBO method is a consensus-based 0 order

optimization method
I Convergence proof based on mean-field PDE

I No curse of dimensionality for Γ = Sd−1 (conj. for any Γ)
I Computationally tractable.
I MATLAB implementation: github.com/PhilippeSu/
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